In the design of spatial linkages, the finite-position kinematics is fully specified by the position of the joint axes, i.e., a set of lines in space. However, most of the tasks have additional requirements regarding motion smoothness, obstacle avoidance, force transmission, or physical dimensions, to name a few. Many of these additional performance requirements are fully or partially independent of the kinematic task and can be fulfilled using a link-based optimization after the set of joint axes has been defined.
Introduction
The finite-position kinematic synthesis methods yield a linkage able to reach a set of specified positions. In the case of planar linkages, the links are usually located in parallel planes perpendicular to the joints, which defines their geometry to a great extent. In the case of spatial mechanisms with general relative position between joints, such as those obtained from spatial kinematic synthesis, the geometry and properties of the links can be greatly modified by just sliding the joint location along the joint axis. Notice that this operation does not modify the trajectory of the linkage.
The actual geometry and location of the links have important consequences for the performance of the linkage, including but not limited to linkage size and occupied space, self-intersections and obstacle avoidance, friction at the joints and other force transmission issues.
Most of the current and past literature focuses on the optimization for planar mechanisms, in which the kinematic synthesis -mostly approximate synthesis-and the additional requirements are solved simultaneously. The focus in most of them is in optimizing the desired trajectory or motion generation. Some commonly used optimization methods for planar mechanism design are the least-square technique with vector geometric and functional equations [1] , the leastsquare technique with assembly constraints [2] , [3] and [4] , together with the use of loop equation techniques, [5] , [6] , [7] . Other methods include geometric constraint programming [8] , and genetic algorithms ( [9] , [10] ). In [11] , the focus is on optimizing performance requirements. Also see [12] , [13] and [14] .
For the optimized synthesis of spatial linkages, current research focuses on using partial dimensioning to optimize some characteristics, for instance workspace, isotropy and dexterity [15] , [16] , [17] or stiffness [18] ; for a summary and literature review of this approach, with its challenges and shortcomings, see [19] . The definition of the characteristic length has also been used for the optimization of performance parameters with disparate units, see [20] . In [21] , Pareto-optimal solutions are found for the optimization of kinematic and dynamic specifications. Several indices have been defined for optimizing a spatial version of the transmission index [22] and the optimization of motion/force transmissibility using screw theory [23] . The kinematic mapping can also be used for optimization. This method, started by Ravani and Roth [24] , has been used in [25] , [26] to optimize dimension and type of a mechanism. Optimization of spatial mechanisms using GA has been done in [27] ; the work focuses on the optimization of the link lengths to obtain a closer trajectory. In the case of parallel robots [28] the focus has been to find parameters of the manipulator, whose workspace contains the specified points. Kim and Tsai [18] present the optimization of link lengths and some link position parameters for a 3-CRR parallel manipulator in order to maximize the stiffness for a given workspace volume. In [29] , kinematic optimization is applied to optimize the structure of a spatial mechanism that can be used for surgical robot.
In most of the works presented, the optimization is performed to account for additional requirements and to perform approximate synthesis simultaneously. This approach has only been applied to simplified geometries, such as symmetric or planar mechanisms; the additional requirements are mostly joint-related. No general synthesis plus link optimization method exists to our knowledge, possibly due to the very high complexity of the resulting system of equations. The purpose of this work is to show that an optimization method for general spatial mechanisms to treat the synthesis and additional requirements independently is a good solution, both from the computational and from the user interaction and assessment point of view.
In our design methodology, the design process is divided into two stages. The first stage uses kinematic synthesis in order to create an articulated system able to perform a specified motion task, which consists of a set of positions in the case of finite position synthesis. This stage defines, given the type and number of joints and their connectivity, the relative position between the joints and the first joint with respect to the reference frame. This fully specifies the theoretical workspace of the mechanism, if we assume no joint limits. The second stage, which is the focus of this paper, deals with the optimization of the links to satisfy a set of performance requirements. The optimization is performed using a GA together with gradient-based minimization. The GA creates a grid of iterative points and keeps only those under a certain objective function value with respect to the previous iteration, then the output from the GA is used as an input for the gradient-based minimization to get into a global minimum point. The optimization approach is illustrated on two examples: a spatial, one-degree-of-freedom CRR-RRR closed linkage and a Bennett linkage.
The results show that the modification of the links along the joints leads to dramatic changes in the final design and performance of spatial mechanisms.
Link-Based Optimization
The input for the link-based optimization process is taken from the output of a previous kinematic synthesis process. The synthesis step yields a set of structural parameters that can be, depending on the synthesis methodology used, a set of points or vectors defining the axes if loop equations or geometric constraints are used [30] , Denavit-Hartenberg parameters ( [31] , [32] ) defining relative position between joint axes if forward kinematics equations are used, etc. In any case, those design parameters can be used to compute the Plücker coordinates of the joint axes at a given configuration. The selection of reference configuration is arbitrary; usually the first task position is used to define it. For instance, for an n-jointed linkage, the input data for the optimization stage is the set of joint axes
where s i is the unit direction vector for axis S i , s 0 i is the moment of the axis, obtained as the cross product of a point on the axis and the direction s i , and ε is the dual unit such that ε 2 = 0. For some methods to compute the Plücker coordinates of the joint axes from other structural data, see for instance [33] .
An initial implementation of the spatial linkage can be obtained by drawing the links at the common normal lines between consecutive axes. Manual adjustment of the links can be performed by using a CAD model. The screw axes obtained from the synthesis are drawn and then the links are modified by sliding the anchor points as shown in Figure 1 . This procedure can yield a mechanism which is out of a constrained region for a given configuration, or it can help reduce the length of some of the links; however, due to the high degree of nonlinearity and difficulty of visualization of spatial linkages, this process is time-consuming and does not grant an optimized solution. In this work we show that a better solution may be obtained for some of the requirements if we perform the link-sliding operation as an optimization problem.
In the following sections, the optimization algorithm is developed and tested to account for different issues that arise in spatial mechanism design, such as minimizing overall length of the linkage, avoiding interference with a given region of space, minimizing friction at the joints due to the transmission forces, or shaping a selected part/ area of a mechanism. Each of these problems can be stated -and solved-separately, or can be included in an overall optimization.
Optimization problem formulation
In the optimization, the variables to consider are the sliding parameters that define the anchoring points of the links on the joints. An objective function and additional constraints that can be written as a function of these sliding parameters. The selection of the objective function depends on the requirements of the design, and the only condition is for it to be a continuous function of the sliding parameters. Some of the possible objective functions include minimizing the overall length of the mechanism, which may help decreasing material usage, weight, inertia and overall space occupied by the mechanism; minimize friction at the joints, which helps the overall efficiency of the linkage, etc. Figure 2 shows how the optimization process fits in an overall design strategy for spatial mechanisms.
Let link i j denote the link connecting joint i to joint j. The sliding parameter t i j on joint axis S i defines the anchor shown inside the broken lines point of link i j along this joint axis. Let C i be the point on the joint axis S i at which the line from the origin intersects the joint axis S i at a right angle, see Figure 3 . Let P i j be a point on the joint axis S i as defined in Figure 3 , and t i j the corresponding distance to P i j from the point C i along the direction of the axis. For a similar formulation used to detect self-intersections, see [34] . Point C i can be obtained using
Then P i j is expressed with respect to C i as follows,
Notice that in P i j , the subscript i indicates that the point lies on joint axis S i , while the second subscript j indicates that it also belongs to the line linking joint axis S i with joint axis S j . For a single-loop closed mechanism, two points need to be defined on each axis in order to specify all links, see Figure  3 (a). For a serial robot, two points are defined in each of the axes except for the first axis. If the distance to the reference frame is a parameter of interest, the first point C 1 could be also included in the optimization as P 10 . A possible objective function is formulated to minimize the overall length by considering the offset distances along the joint axes, the lengths of the links between each pair of connected axes, as well as the length of the links to the end effectors. For example for a closed, n-jointed mechanism, the objective function is a quadratic function with 2n variables, the scalar slides t i j . A mechanism can have multiple end effectors, like the one in Figure 3 (b); in that case, distances to each of the end effectors are also included in the objective function. For instance, equation (4) is an objective function with m number of end-effectors, where point P D j is one point in the end-effector D and point P D j is a point on axis j, and the line joining both points defines the last link on that branch. Assuming that the joints are numbered consecutively, the objective function is stated as
Using this notation, we consider S 0 to be the joint "previous to the first one". For serial chains, that defines a ground link from the reference frame, while for closed linkages, the last joint axis is the one denoted as S 0 , creating a ground link between the last and first joint.
Another possible objective function can be formulated as shown in Equation (5), used to optimize the efficiency by minimizing friction for a linkage with revolute joints, imposing a certain angle of incidence of the links on the joints.
Considering L as the set of indices i j for all links in the mechanism,
Several requirements could be optimized simultaneously by using multi-objective optimization [35] , [36] , however in our case adding additional constraints to create a constrained optimization solves the problem efficiently. The derivation of additional constraints is shown in next section.
Additional Constraint Functions
The link-based optimization algorithm developed in this paper allows the definition of a number of linear and nonlinear constraints to satisfy link dimensions, obstacle avoidance, reduction of friction loads and manufacturability constraints. This section presents the formulation of the constraints as a function of the sliding parameters.
Link length and joint offset constraints
For many practical cases, constraints on the link size are required [36] . In the case of offset length, the distance between P i j and P ik is set to be greater than or equal to a constant value d, in order to help in the implementation of joints for ease of assembly. This adds n equality or inequality constraints,
which are linear in the slide parameters, yielding
Similarly, a minimum and a maximum link size may be required for manufacturability and compactness. This is accomplished by setting the values l min and l max for the minimum and maximum link lengths respectively, which add 2n additional inequality constraints,
These equations are quadratic in the link slide parameters t i j .
Constraints for obstacle avoidance
Another common requirement is for the mechanism to avoid a certain region of space during its motion, or to establish a certain relation of closeness/separation with respect to a certain region. Here the links are modeled as cylinders, with radius R i j . The obstacle region can be modeled or represented by different geometrical shapes, for instance as a cylinder with radius R c and axis of the cylinder passing through points P c1 and P c2 as shown in the Figure 4 ; as a sphere with radius R s and its center at point S c (Figure 5 ); as a plane or set of planes, etc.
Within the minimization algorithm, this problem has been stated as a set of constraint functions, defined in such a way that the linkages of the mechanism must stay out of the constrained region (cylinder, sphere etc) or maintain a certain distance with respect to the region. 
Cylinder constraint equations
where s c and s i j are the direction vectors for the cylinder axis and for the link respectively, and can be found using Equation (10),
The expression for the minimum distance between L c and L i j along the common normal line, a i j , can be found from the dual dot product of the lines L c and L i j as shown in Equation (12) . For the notation see Figure 4 . In order to keep the links out of the restricted region, the constraints a i j ≥ (R C + R i j ) are enforced in the optimization problem. In order to keep this obstacle avoidance constraint within the length of the cylinder, a condition is added to penalize this constraint when a link of the mechanism falls beyond the length of the cylinder. In Figure 4 , point N C lies on the axis of the cylinder.
If it lies between P C1 and P C2 , then the constraint will be imposed, else the constraint will be penalized to be zero.
Where t 0 and t L are the scalars defining the limits of the cylinder and s c is the unit vector along the cylinder and defined in Equation (10).
Sphere constraint equations
Let S C be the center of the sphere and R S be its radius. When the region of interest is defined as a sphere, the region avoidance condition is created by imposing the distance to the center of the sphere to be greater than the sum of both radii, which yields again 2n quadratic inequality constraints for each configuration of the mechanism. The anchor points will be outside of the sphere if For straight links, to keep the whole link outside of the spherical region, calculate the perpendicular line from the sphere center to the line joining P i j and P ji , using Equation (14) . The constraint d i j ≥ (R s + R i j ) is used.
Force transmission specifications
The concept of transmission angle, a common performance parameter for planar mechanisms, can be adopted for spatial linkages. The components of the forces as projected from link to axis are associated with friction, chatter and jamming at the joints, while the link-to-link projection is analogous to the traditional transmission angle; transmission indices have been defined by calculating the screw geometry of input and output joint axes [22] , and it is independent on the realization of the links along the joints. However, problems associated with friction at the joints can be minimized by finding proper placement of the links with respect to the joint axes. This is the issue covered in the current optimization technique.
Let us consider α as the minimum acceptable transmission angle for force along the axis S j versus force perpendicular to the axis, see Figure (6) . Then we can state the constraints for each link of the mechanism as (P ji − P i j )
Notice that the acceptable angle for revolute and prismatic joints needs to be different. Compared to revolute joints, prismatic joints are much more problematic in their application, they are sensitive to the direction and manner of load application. As shown in [37] , if the friction force exceeds the component of the applied force along the slide direction the joint will jam. Considering such situations and assuming that the final value selected will be a function of the materials and lubrication, a generic value α = 60 o is chosen for revolute joints and α = 20 o for prismatic joints, while for cylindrical joints we use a compromise value and consider that the acceptable angle must be around α = 45 o .
Planarity
For some cases, we may need spatial mechanisms to show a certain degree of planarity, at least in a given configuration, for instance at the reference configuration. This could yield quasi-foldable linkages, and it is also interesting for robotic hands used in human environments, where the fingers may be required to maintain planar shape at a reference configuration, similar to the extended human hand.
To ensure the planarity of the mechanism, Equation (16) can be applied for each joint of the mechanism to be at a distance less or equal to a certain value d from the desired reference plane. Consider the distance from a point, P, to a plane, as the smallest distance calculated from the point to any of the points on the plane, which happens along the perpendicular line. This can be defined as,
where the mechanism point is P i j = (x 0 , y 0 , z 0 ) and the de-sired reference plane is Ax + By + Cz + D = 0.
Configuration-dependent constraints
Some of the constraints on the performance of the mechanism, such as the obstacle avoidance, are a function of the configuration of the mechanism along a desired trajectory or for its whole workspace. In these cases, the constraints need to be enforced at a set of sampling points along the trajectory or workspace of the linkage. This is not too computationally costly for 1-dof mechanisms or when the motion of interest is a single trajectory, however it becomes more costly as the degrees of freedom of the mechanism increase, in which case a better strategy may be to consider the boundaries of the workspace instead. For the purpose of this article, the focus is on low-dof linkages or single one-dimensional trajectories, and the sampled trajectory strategy is used, for which a set of t equally-spaced points along the trajectory is considered.
In order to obtain the sampled trajectory, several strategies can be used. If the kinematics of the mechanism is fully defined, the trajectory can be generated using inverse or forward kinematics techniques. For those cases in which this approach is not available, a pre-defined trajectory may be given or interpolated ( [38] , [39] ) and then the real trajectory can be approximated [40] . For other path planning techniques, see for instance [41] .
For the CRR-RRR example, Figure 7 shows the required trajectory. For the Bennett mechanism, the kinematics is well known and an exact trajectory can be generated, shown in Figure 8 . As an example, for the spherical region avoidance constraints on the anchor points, the total number of these inequality constraints increases to 2tl, where t is the number of positions along the trajectory and l is the number of links in the mechanism,
Every other constraint that depends on the configuration of the mechanism must be stated similarly.
Overall optimization strategy
Considering all the constraints and the objective function, the optimization problem involves the decision variables with their lower and upper limits, nonlinear objective functions, linear inequality constraints and nonlinear constraints. The nonlinearity in the objective function and constraints provide the main difficulty in solving the problem. A set of randomly generated solutions over those variable bounds indicate that only few solutions are feasible. Such a severe geometry of the feasible region makes the problem even more difficult to solve. For this reason the hybrid genetic optimization algorithm was found suitable to reach at a global minimum point.
For each spatial mechanism, the optimization problem is developed as shown in Equation (18) . Due to the coexistence of linear and nonlinear constraints in the optimiza-tion problem, the linear constraints are mostly satisfied easily, however the nonlinear constraints may not be satisfied as easily. Thus, depending on the problems and the solution obtained, the Augmented Lagrangian Genetic Algorithm (ALGA) [42] is used with a penalty parameter to find the feasible region. In ALGA, a subproblem is formulated by combining the objective function and nonlinear constraint function using the Lagrangian and the penalty parameters, see Equation (19) . A sequence of such optimization problems are approximately minimized using the genetic algorithm such that the linear constraints and bounds are satisfied.
min f (x), such that
In Equations (18) and (19) , g(x) represents the nonlinear inequality constraints, g eq (x) the nonlinear equality constraints, k the number of nonlinear inequality constraints, and kt the total number of nonlinear constraints. A is an m × n matrix, x is an n × 1 column vector of variables, and b is an m × 1column vector of constants. The parameters λ i are Lagrange multiplier estimates, s i are nonnegative shifts and ρ is the positive penalty parameter. Mathematica R is used to formulate the equations and to create Matlab R executable files. Depending on the nature and complexity of the problem, the GA in Matlab R took from seconds to considerable amount of time to converge to optimum solution. For the illustration of the algorithm, two examples are presented. These examples are selected to cover closed linkages with different applications and design requirements.
Examples
The above procedure has been applied to a spatial, closed-loop CRR-RRR, and to a Bennett mechanism. The Mathematica R code for these examples can be downloaded from the project webpage, http://robotics.engr.isu.edu/. The parameters used to run the genetic algorithm are the chromosome length, that is, the number of variables in the problem; the initial population; and the initial value for the penalty parameters. From multiple trials, we found a probability crossover of 0.8 was good so that majority of the population is regenerated after each generation cycle while keeping the best solutions found. A stopping criterion is set so that the algorithm stops when the population has fully converged.
CRR-RRR mechanism
The spatial, closed-loop CRR-RRR mechanism has one degree of freedom and with the end effector located at the intersection of the serial CRR and the serial RRR chains as shown in Figure 3(a) . The mechanism has been designed to be used as an exoskeleton device for thumb motion [43] . Additional constraints are added to control the position and size of the mechanism, and to reduce physical interference with the user.
The kinematic synthesis of the mechanism alone yields 147 nonlinear equations in 97 variables, which makes it challenging to add more constraints in the synthesis process. The output of the synthesis ensures the trajectory of the end effector but does not provide any insight regarding size and placement of the linkage. The use of the link-based optimization as a second stage is used to adapt the linkage to those performance parameters, and illustrates the dramatic changes in the linkage that can be obtained with this method, while still targeting the same trajectory.
Problem Definition and Formulation
Consider one of the solutions obtained through the synthesis of the CRR-RRR linkage as seen in Figure 9 . The screw axis in Plücker coordinates are given in the Table 1 . The black lines are the links of the mechanism, drawn by connecting the common normal points of consecutive axes. The green-colored lines represent the joint axes. The cylinder represents the user's hand and forearm, with which the mechanism should not interfere. As we can see in this initial solution, some of the joints interfere with the volume of the cylinder, and the link sizes are also not controlled, ranging from very small to very large. This initial solution is not acceptable in terms of compactness, manufacturability and assembly point of view. Therefore, a post-optimization of the design was found necessary.
In order to see the effect of each optimization step, the optimization of length, region avoidance and force transmission have been tested one by one and finally all at a time. In all cases, the range of the required link lengths have been set between 20mm and 150mm. The cylinder position and size are shown in Table 2 . The optimization problem was implemented in Matlab R code, and for this particular example, the algorithm converges to a solution in approximately 45 generations.
When minimizing only the total link size, we obtain the link lengths shown in Table 3 . However most of the mecha- nism joints lie inside the restricted region, as we can see in Figure 10 .
Considering the region-avoidance problem alone, the solution shows that all the links at the different task positions along the trajectory of the linkage stay out of the the restricted region, see Figure 11 . However, most of the link sizes are very large, see Table 3 . Fig. 11 . Different configurations of the mechanism obtained after region avoidance constraint is used Considering the link optimization, obstacle avoidance and the force transmission simultaneously gives a better result in terms of fulfilling the requirements. See Figure 12 for the final solution and Figure 13 for a sampling of the motion to avoid the obstacle. The link lengths are shown in Table 3 . Figure 14 shows the CAD implementation of the optimized solution. The objective function (F) obtained for link-size optimization is 2.0785 × 10 4 , for region avoidance 1.2306 × 10 5 , and for link size and region avoidance is 6.6886 × 10 4 . 
The Bennett mechanism
The Bennett Linkage is a 4R spatial closed chain. Bennett discovered the geometric relations that ensure that this chain can move with one degree of freedom. Research on the Bennett linkage has focused on its instantaneous kinematic geometry and its finite-position synthesis. In this study, the Bennett mechanism is used as a hinge for a cabinet door, Figure 15 . The kinematic synthesis is performed to obtain the desired trajectory. To get the optimum solution considering manufacturability, obstacle avoidance and smoothness of motion, the link-based optimization technique outlined above is implemented. 
Problem Definition and Formulation
The initial implementation from the synthesis stage uses the screw axes in Plücker coordinates as shown in Table 4 . In this particular example the mechanism created by connecting the common normal lines is fairly compact ( Figure  16) ; however, some of the dimensions are too small from a manufacturing and assembly point of view; for instance, the smallest length is 5mm and the offset for the joints along the axes is almost zero. In addition to this, part of the mechanism lies inside the cabinet, that is, inside of the restricted region. Considering minimum and maximum lengths, and obstacle avoidance constraints, the solution may be a less compact but applicable mechanism. Figure 17 shows the optimized Bennett mechanism with imposed constraints of minimum link length of 30mm, maximum link length of 60mm and an offset length of 15mm. As we can see, the joints have now enough offset for assembly, and the link lengths also fall within the range of the specified constraints. However, part of the mechanism is still inside of the restricted region, which is the cabinet; therefore, additional constraints to avoid this problem are required.
Obstacle avoidance
The cabinet has the shape of a cube. To simplify the problem, an inscribed sphere is considered to define the region avoidance constraint. An increment δ for tha radius is used to take into consideration the thickness of the links, to yield a sphere radius S R + δ. The obstacle avoidance constraint keeps the mechanism on one side of the door and out Figure 18 . However, the link sizes are much longer than the perceived optimal solution. Finally, by incorporating all the constraints including link length, offset length and obstacle avoidance, a better solution is found and shown in Figure 19 . The motion of the linkage can be seen in Figure 20 .
CONCLUSIONS
In the design of spatial linkages for a desired motion, a great deal of flexibility is allowed in the choice of the link location and dimensions. The optimization presented in this paper is used to modify the links of the linkage in order to fulfill additional performance requirements, such as total length, force transmission, obstacle avoidance or geometry at a given configuration. It is our experience that trying to fulfill these requirements with a manual manipulation of the The method has been implemented using a hybrid genetic algorithm plus gradient-based local optimization approach in Matlab R . This approach yields better results than the single genetic algorithm approach as the number or nonlinear constraints increases.
The methodology is general enough that any link-based requirement can be added to the optimization, either within the objective function or as additional constraints. It is straightforward to define the links in a CAD environment as anchored in points sliding along the joint axes of the linkage, making the application of the optimization results automatic. The algorithm is also flexible so that it can be applied to the overall mechanism or just to a part of it.
The results obtained show that dramatic changes in the final design of the mechanism can be obtained by using this method, making it a useful tool for the designer of spatial mechanisms with arbitrarily-located axes. The links are here defined as straight lines between anchored points at the joints; in a future extension, the links will be allowed to have a curved shape in order to increase the solution space.
